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1 Introduction
The purpose of this article is to present the construction and basic properties
of the Bochner integral on abstract measure spaces. The approach presented
here is based on the ideas from [5] where the Bochner integral is presented for
functions defined on RN . This method seems to be quite flexible and works
well for a number of different constructions in analysis: the Lebesgue integral
for functions on RN (see [5], as well as [3], [6], and [8]), the Bochner integral
for functions on RN (see [5]), the Daniell integral (see [2]), and measures on
abstract spaces in (see [7]).
In the last section present an extension of the construction to functions
with values in a locally convex space. An extension of the Bochner integral to
arbitrary locally convex spaces has been recently presented at [1]. It uses nets
of simple functions to approximate integrable functions. It is not clear if that
construction yields an isomorphic space of integrable functions.
2 Simple functions
Let X be a nonempty set and let pE, } ¨ }q be a Banach space.
Definition 2.1. A collection R of subsets of X is called a ring of subsets of X
if
A,B P R implies AYB,AzB P R.
Definition 2.2. A map µ : R Ñ r0,8q is called σ-additive if for any sequence
of disjoint sets A1, A2, ¨ ¨ ¨ P R such that
Ť
8
n“1An P R we have
µ
˜
8ď
n“1
An
¸
“
8ÿ
n“1
µpAnq.
Note that µpAq is finite for all A P R. In what follows we will assume that R
is a ring of subsets ofX and µ is a σ-additive measure onR. It will be convenient
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to use the same symbol to denote a subset of X and the characteristic function
of that set, that is, if A Ă X we will write
Apxq “
"
1 if x P A
0 otherwise
.
Definition 2.3. A function f : X Ñ E is called a simple function if
f “ v1A1 ` ¨ ¨ ¨ ` vnAn (2.1)
for some A1, . . . , An P R and v1, . . . vn P E. The vector space of all simple
E-valued functions will be denoted by SpEq.
If f P SpEq is a simple function, then the function |f | defined by |f |pxq “
}fpxq} is a simple real valued function, that is, |f | P SpRq. For the simple
function
f “ v1A1 ` ¨ ¨ ¨ ` vnAn,
where A1, . . . , An P R and v1, . . . vn P E, we defineż
f “ v1µpA1q ` ¨ ¨ ¨ ` vnµpAnq.
A standard argument shows that this integral is well defined. It follows directly
from the definition that the map
ş
: SpEq Ñ E is a linear. For f P SpEq we
define
}f}1 “
ż
|f |.
It is easy to see that } ¨ }1 is a semi-norm on SpEq.
Lemma 2.4. For any A1, . . . , An P R and v1, . . . vn P E we have
}v1µpA1q ` ¨ ¨ ¨ ` vnµpAnq} ď
ż
|v1A1 ` ¨ ¨ ¨ ` vnAn| .
Proof. First we observe that
v1A1 ` ¨ ¨ ¨ ` vnAn “ u1B1 ` ¨ ¨ ¨ ` umBm,
for some u1, . . . , um P E and some disjoint B1, . . . , Bm P R. Then
v1µpA1q ` ¨ ¨ ¨ ` vnµpAnq “ u1µpB1q ` ¨ ¨ ¨ ` umµpBmq,
and
}v1µpA1q ` ¨ ¨ ¨ ` vnµpAnq} “ }u1µpB1q ` ¨ ¨ ¨ ` umµpBmq}
ď }u1µpB1q} ` ¨ ¨ ¨ ` }umµpBmq}
“ }u1}µpB1q ` ¨ ¨ ¨ ` }um}µpBmq
“
ż
p}u1}B1 ` ¨ ¨ ¨ ` }um}Bmq
“
ż
|u1B1 ` ¨ ¨ ¨ ` umBm|
“
ż
|v1A1 ` ¨ ¨ ¨ ` vnAn| .
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From the above lemma we obtain the following useful inequality››››
ż
f
›››› ď }f}1
for all f P SpEq.
3 The Bochner Integral
In this section we describe a construction of the Bochner integral on X with
respect to the extension of µ to a complete σ-additive measure on X . In our
approach, the extended measure does not play any role. On the other hand, it is
important that pX,R, µq can be used to define the space of Lebesgue integrable
real valued functions on X with respect to the extension of µ to a complete
σ-additive measure on X (see [7]). We will use L1pX,µq to denote that space.
In proofs involving arguments in L1pX,µq (for example, the proof of Theorem
3.2) we follow the approach presented in [2].
Definition 3.1. A function f : X Ñ E is called Bochner integrable if there
exist functions fn P SpEq such that
A
8ÿ
n“1
}fn}1 ă 8,
B fpxq “
8ÿ
n“1
fnpxq at those points x P X where
8ÿ
n“1
}fnpxq} ă 8.
If conditions A and B are satisfied we will write
f » f1 ` f2 ` . . . or f »
8ÿ
n“1
fn.
The space of all Bochner integrable functions will be denoted by L1pX,µ,Eq.
We are going to define the integral of a Bochner integrable function f »
f1` f2` . . . as
ş
f “
ş
f1`
ş
f2` . . . . Note that this definition requires a proof
of independence of the integral
ş
f of a particular expansion of f in a series
of simple functions. This proof is not simple and uses some properties of the
integral in L1pX,µq.
Theorem 3.2. Let f » f1 ` f2 ` . . . . Then
(a) |f | P L1pX,µq,
(b)
ż
|f | “ lim
nÑ8
ż
|f1 ` ¨ ¨ ¨ ` fn|,
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(c)
››››
ż
f1 `
ż
f2 ` . . .
›››› ď
ż
|f |.
Proof. Let
gn “ f1 ` ¨ ¨ ¨ ` fn for n “ 1, 2, . . .
and
ϕ1 “ |f1| and ϕn “ |gn| ´ |gn´1| for n “ 2, 3, . . . .
We will show that
|f | » ϕ1 ` |f1| ´ |f1| ` ϕ2 ` |f2| ´ |f2| ` . . . . (3.1)
Since
|ϕn| “ ||gn| ´ |gn´1|| ď |gn ´ gn´1| “ |fn|,
we have
}ϕ1}1 ` }f1}1 ` }f1}1 ` }ϕ2}1 ` }f2}1 ` }f2}2 ` ¨ ¨ ¨ ď 3
8ÿ
n“1
}fn}1 ă 8.
If
|ϕ1pxq| ` }f1pxq} ` }f1pxq} ` |ϕ2pxq| ` }f2pxq} ` }f2pxq} ` ¨ ¨ ¨ ă 8
for some x P X , then
ř
8
n“1 }fnpxq}1 ă 8 and consequently
ř
8
n“1 fnpxq “ fpxq.
Hence
mÿ
n“1
ϕnpxq “ }gmpxq} “
›››››
mÿ
n“1
fnpxq
›››››Ñ }fpxq}
as mÑ8.
From (3.1) we obtain |f | P L1pX,µq. Moreover,ż
|f | “
ż
ϕ1 `
ż
|f1| ´
ż
|f1| `
ż
ϕ2 `
ż
|f2| ´
ż
|f2| ` . . .
“ lim
nÑ8
ż
pϕ1 ` ¨ ¨ ¨ ` ϕnq
“ lim
nÑ8
ż
|gn|
“ lim
nÑ8
ż
|f1 ` ¨ ¨ ¨ ` fn|.
Finally, since›››››
mÿ
n“1
ż
fn
››››› ď
ż ˇˇˇˇˇ mÿ
n“1
fn
ˇˇˇ
ˇˇ “ ż |gm| “
ż
|f1 ` ¨ ¨ ¨ ` fm|,
we have ››››
ż
f1 `
ż
f2 ` . . .
›››› ď limnÑ8
ż
|f1 ` ¨ ¨ ¨ ` fn| “
ż
|f |.
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Corollary 3.3. If
f » f1 ` f2 ` . . . and f » g1 ` g2 ` . . . ,
then ż
f1 `
ż
f2 ` ¨ ¨ ¨ “
ż
g1 `
ż
g2 ` . . . .
Proof. If f » f1 ` f2 ` . . . and f » g1 ` g2 ` . . . , then
0 » f1 ´ g1 ` f2 ´ g2 ` . . .
and hence ››››
ż
f1 ´
ż
g1 `
ż
f2 ´
ż
g2 ` . . .
›››› ď 0.
Now we can define the integral of a Bochner integrable function.
Definition 3.4. By the integral of a Bochner integrable function
f » f1 ` f2 ` ¨ ¨ ¨
we mean the element of E defined byż
f “
ż
f1 `
ż
f2 ` ¨ ¨ ¨ .
Theorem 3.5. The integral is a linear operator from L1pX,µ,Eq to E. More-
over,
››ş f›› ď ş |f | for all f P L1pX,µ,Eq .
Proof. Linearity follows easily from the fact that, if f » f1 ` f2 ` ¨ ¨ ¨ , g »
g1 ` g2 ` ¨ ¨ ¨ , and λ P R, then
f ` g » f1 ` g1 ` f2 ` g2 ¨ ¨ ¨ and λf » λf1 ` λf2 ` ¨ ¨ ¨ .
The inequality follows from part (c) of Theorem 3.2.
We complete this section with a proof of Gelfand-Pettis integrability ([4] and
[9]) of Bochner integrable functions. If Λ is a bounded linear functional on E
and f : X Ñ E, then the composition of Λ and f will be denoted by Λf , that
is Λfpxq “ Λpfpxqq.
Theorem 3.6. Let Λ be a bounded linear functional on E. If f P L1pX,µ,Eq,
then Λf P L1pX,µ,Rq and
Λ
ż
f “
ż
Λf.
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Proof. Let Λ be a bounded linear functional on E.
If f “ v1A1`¨ ¨ ¨`vnAn for some v1, . . . , vn P E and disjoint A1, . . . , An P R,
then
Λ
ż
f “ Λ
ˆż
pv1A1 ` ¨ ¨ ¨ ` vnAnq
˙
“ Λ pv1µpA1q ` ¨ ¨ ¨ ` vnµpAnqq
“ Λv1µpA1q ` ¨ ¨ ¨ ` ΛvnµpAnq
“
ż
pΛv1A1 ` ¨ ¨ ¨ ` ΛvnAnq “
ż
Λf
and
}Λf}1 “
ż
|Λpv1A1 ` ¨ ¨ ¨ ` vnAnq|
“ |Λv1|µpA1q ` ¨ ¨ ¨ ` |Λvn|µpAnq
ď }Λ} p}v1}µpA1q ` ¨ ¨ ¨ ` }vn}µpAnqq “ }Λ}}f}1.
If f » f1 ` f2 ` ¨ ¨ ¨ , then
Λf » Λf1 ` |f1| ´ |f1| ` Λf2 ` |f2| ´ |f2| ` ¨ ¨ ¨ . (3.2)
Indeed, we have
}Λf1}1 ` 2}f1}1 ` }Λf2}1 ` 2}f2}1 ` ¨ ¨ ¨ ď p}Λ} ` 2q
8ÿ
n“1
}fn}1 ă 8
and, if
|Λpf1pxqq| ` 2}f1pxq} ` |Λpf2pxqq| ` 2}f2pxq} ` ¨ ¨ ¨ ă 8
for some x P X , then
ř
8
n“1 }fnpxq} ă 8 and thus fpxq “
ř
8
n“1 fnpxq. Conse-
quently,
Λfpxq “
8ÿ
n“1
Λfnpxq
for that x P X .
From (3.2) we get both Λf P L1pX,µ,Rq and Λ
ş
f “
ş
Λf .
4 L1pX, µ,Eq as a Banach space
It is important the tools of normed spaces can be applied to Bochner integrable
functions. However, we need to deal with the usual problem, that is, }f}1 “
ş
|f |
is not a norm in L1pX,µ,Eq, since
ş
|f | “ 0 does not imply f “ 0. The problem
can be solved by identifying functions that are equal almost everywhere.
If f, g P L1pX,µ,Eq and
ş
|f´g| “ 0, then we write f „ g. It is clear that „ is
an equivalence relation. Let L1pX,µ,Eq be the space of equivalence classes, that
is, L1pX,µ,Eq “ L1pX,µ,Eq{ „. It is easy to check that }f}1 “
ş
|f | is a norm
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in L1pX,µ,Eq. The difference between L1pX,µ,Eq and L1pX,µ,Eq is usually
ignored. It is important to be aware of this difficulty and to carefully interpret
statements about L1pX,µ,Eq. Then it should not lead to any problems.
If }fn ´ f}1 Ñ 0, then we will say that the sequence pfnq converges to f in
norm and write fn Ñ f i.n..
It is our goal to show that L1pX,µ,Eq is complete with respect to } ¨ }1. The
first step is the following technical lemma.
Lemma 4.1. If f P L1pX,µ,Eq, then for every ε ą 0 there exists a sequence of
simple functions pfnq such that f » f1 ` f2 ` . . . and
ř
8
n“1
ş
|fn| ď
ş
|f | ` ε.
Proof. Let f » g1` g2` . . . be an arbitrary expansion of f in a series of simple
functions. Then there exists an n0 P N such that
ř
8
n“n0`1
ş
|gn| ă
ε
2
. Define
f1 “ g1 ` ¨ ¨ ¨ ` gn0 and fn “ gn0`n´1 for n ě 2.
Then obviously f » f1 ` f2 ` . . . . Since
ş
|f1| ´
ş
|f | ď
ş
|f1 ´ f | and f ´ f1 »
f2 ` f3 ` . . . , we get ż
|f1| ´
ż
|f | ď
8ÿ
n“2
ż
|fn|
and hence ż
|f1| ´
8ÿ
n“2
ż
|fn| ď
ż
|f |.
Consequently,
8ÿ
n“1
ż
|fn| “
ż
|f1| `
8ÿ
n“2
ż
|fn|
“
ż
|f1| ´
8ÿ
n“2
ż
|fn| ` 2
8ÿ
n“2
ż
|fn|
ď
ż
|f | ` 2
8ÿ
n“2
ż
|fn|
“
ż
|f | ` 2
8ÿ
n“n0`1
ż
|gn|
ă
ż
|f | ` ε.
Now we generalize the symbol » to series of arbitrary Bochner integrable
functions.
Let f1, f2, ¨ ¨ ¨ P L
1pX,µ,Eq and let f : X Ñ E be an arbitrary function. If
A
8ÿ
n“1
}fn}1 ă 8 and
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B fpxq “
8ÿ
n“1
fnpxq at those points x P X where
8ÿ
n“1
}fnpxq} ă 8,
then we write
f » f1 ` f2 ` . . . or f »
8ÿ
n“1
fn.
Theorem 4.2. If f1, f2, . . . P L
1pX,µ,Eq and f » f1 ` f2 ` ¨ ¨ ¨ , then f P
L1pX,µ,Eq,
f1 ` f2 ` . . . “ f i.n.
and ż
f “
ż
f1 `
ż
f2 ` ¨ ¨ ¨ .
Proof. Let ε ą 0 be arbitrary and let ε1`ε2`¨ ¨ ¨ be a series of positive numbers
whose sum is ε. By Lemma 4.1, we can choose expansions
fi » fi1 ` fi2 ` ¨ ¨ ¨ pi “ 1, 2, . . .q, (4.1)
where fij are simple functions such thatż
|fi1| `
ż
|fi2| ` ¨ ¨ ¨ ă
ż
|fi| ` εi (4.2)
for all i P N. Let
g1 ` g2 ` ¨ ¨ ¨ (4.3)
be a series of simple functions which is composed of all the series in (4.1). Then
from (4.2) we obtainż
|g1| `
ż
|g2| ` ¨ ¨ ¨ ăM ` ε1 ` ε2 ` ¨ ¨ ¨ , (4.4)
whereM “
ş
|f1|`
ş
|f2|` ¨ ¨ ¨ . Moreover, if the series (4.3) converges absolutely
at a point x P X , then each of the series in (4.1) converges absolutely at that
point, and consequently
g1pxq ` g2pxq ` ¨ ¨ ¨ “ f1pxq ` f2pxq ` ¨ ¨ ¨ “ fpxq
at that x. This proves that f is Bochner integrable andż
f “
ż
g1 `
ż
g2 ` ¨ ¨ ¨ “
ż
f1 `
ż
f2 ` ¨ ¨ ¨ .
Moreover, since for every n P N,
f ´ f1 ´ ¨ ¨ ¨ ´ fn » fn`1 ` fn`2 ` . . . ,
we have
}f ´ f1 ´ ¨ ¨ ¨ ´ fn}1 ď
8ÿ
k“n`1
}fk}1 Ñ 0
as nÑ8, which means that f1 ` f2 ` . . . “ f i.n..
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Corollary 4.3. If f1, f2, ¨ ¨ ¨ P L
1pX,µ,Eq and
8ÿ
n“1
}fn}1 ă 8, then there exists
f P L1pX,µ,Eq such that f » f1 ` f2 ` . . . .
Proof. Let f1, f2, ¨ ¨ ¨ P L
1pX,µ,Eq be such that
8ÿ
n“1
}fn}1 ă 8. Define
fpxq “
#ř
8
n“1 fnpxq whenever
ř
8
n“1 }fnpxq} ă 8,
0 otherwise.
Then f » f1 ` f2 ` . . . and, by Theorem 4.2, f P L
1pX,µ,Eq.
Theorem 4.4. The space pL1pX,µ,Eq, } ¨ }1q is complete.
Proof. We will prove that every absolutely convergent series converges in norm.
If
ř
8
n“1 }fn}1 ă 8 for some fn P L
1pX,µ,Eq, then, by Corollary 4.3, there
exists an f P L1pX,µ,Eq such that f »
ř
8
n“1 fn. This in turn implies, by
Theorem 4.2, that the series
ř
8
n“1 fn converges to f in norm.
5 Convergence almost everywhere
A set A Ď X is called a null set or a set of measure zero if its characteristic
function is integrable, that is, χA P L
1pX,µq and
ş
χA “ 0. Every subset of a
null set is a null set. A countable union of null sets is a null set.
Definition 5.1. If for two functions f, g : X Ñ E the set of all x P X for which
fpxq ‰ gpxq is a null set, then we say that f equals g almost everywhere and
write f “ g a.e..
Theorem 5.2. f “ g a.e. if and only if
ş
|f ´ g| “ 0.
Proof. Let Z “ tx P X : fpxq ‰ gpxqu and let h be the characteristic function
of Z.
If f “ g a.e., then
ş
|h| “
ş
h “ 0. Therefore
|f ´ g| » h` h` . . . ,
which implies
ş
|f ´ g| “ 0.
Conversely, if
ş
|f ´ g| “ 0, then
h » |f ´ g| ` |f ´ g| ` . . . ,
and hence
ş
h “ 0. This shows that Z is a null set, that is, f “ g a.e..
Theorem 5.3. Suppose fn Ñ f i.n. Then fn Ñ g i.n. if and only if f “ g
a.e..
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Proof. If fn Ñ f i.n. and f “ g a.e., then
}fn ´ g}1 “
ż
|fn ´ g| ď
ż
|fn ´ f | `
ż
|f ´ g| “
ż
|fn ´ f | “ }fn ´ f}1 Ñ 0.
If fn Ñ f i.n. and fn Ñ g i.n., then fn ´ fn Ñ f ´ g i.n.. This impliesż
|f ´ g| “
ż
|fn ´ fn ´ f ` g| Ñ 0,
completing the proof.
Definition 5.4. We say that a sequence of functions f1, f2, ¨ ¨ ¨ : X Ñ E con-
verges to f almost everywhere and write fn Ñ f a.e., if fnpxq Ñ fpxq for every
x except a null set.
The following properties of convergence almost everywhere are immediate
consequences of the definition:
If fn Ñ f a.e. and λ P R, then λfn Ñ λf a.e.
If fn Ñ f a.e. and gn Ñ g a.e., then fn ` gn Ñ f ` g a.e.
If fn Ñ f a.e., then |fn| Ñ |f | a.e.
Theorem 5.5. Suppose fn Ñ f a.e. Then fn Ñ g a.e. if and only if f “ g
a.e.
Proof. If fn Ñ f a.e. and fn Ñ g a.e., then fn ´ fn Ñ f ´ g a.e., which means
that f ´ g “ 0 a.e..
Now let A “ tx P X : fnpxq Û fpxqu and B “ tx P X : gnpxq Û gpxqu.
Then A and B are null sets and so is A Y B. Since fnpxq Ñ gpxq for every x
not in AYB, we have fn Ñ g a.e..
Theorem 5.6. If f1, f2, ¨ ¨ ¨ P L
1pX,µ,Eq and
8ÿ
n“1
}fn}1 ă 8, then the series
f1 ` f2 ` . . . converges almost everywhere.
Proof. By Corollary 4.3, there exists a function f P L1pX,µ,Eq such that
f » f1 ` f2 ` . . . . Since fpxq “
ř
8
n“1 fnpxq for every x P X such thatř
8
n“1 }fnpxq} ă 8, it suffices to show that the set of all points x P X for
which the series
ř
8
n“1 }fnpxq} is not absolutely convergent is a null set. Let g
be the characteristic function of that set. Then g » f1´ f1` f2´ f2` . . . , and
consequently ż
|g| “
ż
g “
ż
f1 ´
ż
f1 `
ż
f2 ´
ż
f2 ` ¨ ¨ ¨ “ 0.
The above theorem leads us to an important corollary.
Corollary 5.7. If f » f1 ` f2 ` . . . , then f “ f1 ` f2 ` . . . a.e.
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In general, convergence in norm does not imply convergence almost every-
where and convergence almost everywhere does not imply convergence in norm.
It turns out that for absolutely convergent series in L1pX,µ,Eq both types of
convergence are equivalent.
Theorem 5.8. Let f1, f2, ¨ ¨ ¨ P L
1pX,µ,Eq and
8ÿ
n“1
}fn}1 ă 8. Then
f “ f1 ` f2 ` . . . a.e. if and only if f “ f1 ` f2 ` . . . i.n.
Proof. By Corollary 4.3, there exists a function g P L1pRN q such that g »
f1 ` f2 ` . . . Then, by Theorem 4.2 we have g “ f1 ` f2 ` . . . i.n. and, by
Corollary 5.7, we have g “ f1 ` f2 ` . . . a.e..
Now, if f “ f1 ` f2 ` . . . a.e., then f “ g a.e., by Theorem 5.5. Hence
f “ f1 ` f2 ` . . . i.n., by Theorem 5.3.
Conversely, if f “ f1` f2` . . . i.n., then f “ g a.e., by Theorem 5.3. Hence
f “ f1 ` f2 ` . . . a.e., by Theorem 5.5.
6 The Dominated Convergence Theorem
First we prove the following useful theorem that sheds more light on the rela-
tionship between convergence almost everywhere and convergence in norm.
Theorem 6.1. If fn Ñ f i.n., then there exists a subsequence pfpnq of pfnq
such that fpn Ñ f a.e..
Proof. Since }fn ´ f}1 Ñ 0, there exists an increasing sequence of positive
integers ppnq such that }fpn ´ f}1 ă 2
´n. Then
}fpn`1 ´ fpn}1 ď }fpn`1 ´ f}1 ` }f ´ fpn}1 ă
3
2n`1
and consequently
}fp1}1 ` }fp2 ´ fp1}1 ` }fp3 ´ fp2}1 ` ¨ ¨ ¨ ă 8.
Thus, there exists a g P L1pX,µ,Eq such that
g » fp1 ` pfp2 ´ fp1q ` pfp3 ´ fp2q ` . . . ,
and, by Corollary 5.7,
g “ fp1 ` pfp2 ´ fp1q ` pfp3 ´ fp2q ` . . . a.e. .
This means fpn Ñ g a.e. Since also fpn Ñ g i.n. and fpn Ñ f i.n., we conclude
f “ g a.e., by Theorem 5.3. Therefore fpn Ñ f a.e., by Theorem 5.5.
Note that the above result can be easily obtained from the same result for
real valued functions. Indeed, if fn Ñ f i.n., then |fn ´ f | Ñ 0 i.n. and thus
|fpn ´ f | Ñ 0 a.e. for some increasing sequence of indices ppnq. But then
fpn ´ f Ñ 0 a.e..
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Lemma 6.2. Let f1, f2, ¨ ¨ ¨ P L
1pX,µ,Eq. If fn Ñ 0 a.e. and there exists a
function h P L1pX,µ,Rq such that |fn| ď h for every n P N, then fn Ñ 0 i.n..
Proof. For m,n “ 1, 2, . . . , define
gm,n “ maxt|fm|, . . . , |fm`n|u.
Note that gm,n P L
1pX,µ,Rq for all m,n P N. For every m P N, the sequence
pgm,1, gm,2, . . . q is non-decreasing and, sinceˇˇˇ
ˇ
ż
gm,n
ˇˇˇ
ˇ “
ż
gm,n ď
ż
h ă 8,
there is a function gm P L
1pX,µ,Rq such that gm,n Ñ gm a.e. as nÑ8.
The sequence pgnq is non-increasing and gn Ñ 0 a.e., since fn Ñ 0 a.e.. By
the Monotone Convergence Theorem, gn Ñ 0 i.n. and thusż
|fn| ď
ż
gn Ñ 0.
Theorem 6.3 (The Dominated Convergence Theorem). If a sequence of func-
tions fn P L
1pX,µ,Eq converges almost everywhere to a function f and there
exists a function h P L1pX,µ,Rq such that |fn| ď h for every n P N, then
f P L1pX,µ,Eq and fn Ñ f i.n..
Proof. If ppnq is an increasing sequence of positive integers, then
hn “ fpn`1 ´ fpn Ñ 0 a.e.
and |hn| ď 2h for every n P N. By Lemma 6.2, hn Ñ 0 i.n.. This shows that the
sequence pfnq is a Cauchy sequence in L
1pX,µ,Eq and therefore it converges
in norm to some g P L1pX,µ,Eq, by Theorem 4.4. On the other hand, by
Theorem 6.1, there exists an increasing sequence of positive integers pqnq such
that fqn Ñ g a.e. But fqn Ñ f a.e., and thus g “ f a.e.. This, in view of
Theorem 5.3, implies fn Ñ f i.n..
7 Integrals with values in locally convex spaces
In tho section we extend the presented construction to functions with values in
locally spaces. As before, X is a nonempty set with a ring of subsets R and µ
is a σ-additive measure R. Now E is a complete locally convex space with the
topology defined be a family of seminorms } ¨ }α with α P I, where I is an index
set. If f P SpEq is a simple function and α P I, then the function }f}α defined
by }f}αpxq “ }fpxq}α is a simple real valued function, that is, }f}α P SpRq.
For α P I, let pEα, } ¨ }αq be the quotient normed space. If f : X Ñ E, then
by piαf : X Ñ Eα we will denote the composition of f with the quotient map
from E to Eα. Note that }f}α “ }piαf}α.
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For f P SpEq and α P I we define
~f~α “
ż
}f}α.
It is easy to see that ~¨~α is a semi-norm on SpEq. Note that
ş
}f}α “
ş
}piαf}α.
From Lemma 2.4 we obtain the following useful inequality››››
ż
f
››››
α
ď ~f~α
for all f P SpEq and α P I.
Definition 7.1. A function f : X Ñ E is called integrable if there exist func-
tions fn P SpEq such that, for every α P I,
A
8ÿ
n“1
ż
}fn}α ă 8,
B If
8ÿ
n“1
}fnpxq}α ă 8, then lim
mÑ8
›››››fpxq ´
mÿ
n“1
fnpxq
›››››
α
“ 0.
If conditions A and B are satisfied we will write
f » f1 ` f2 ` . . . or f »
8ÿ
n“1
fn.
The space of all integrable functions will be denoted by L1pX,µ,Eq.
Lemma 7.2. If f » f1 ` f2 ` . . . , then piαf » piαf1 ` piαf2 ` . . . for every
α P I. Consequently, if f : X Ñ E is integrable, then piαf is Bochner inetgrable
for every α P I.
Proof. Let α P I. If f : X Ñ E is integrable, then there exist functions fn P SpEq
such that
ř
8
n“1
ş
}fn}α ă 8 and such that limmÑ8 }fpxq ´
řm
n“1 fnpxq}α “
0 at those points x P X where
ř
8
n“1 }fnpxq}α ă 8. Then piαfn P SpEαq,ř
8
n“1
ş
}piαfn}α ă 8, and piαfpxq “
ř
8
n“1 piαfnpxq at those points x P X whereř
8
n“1 }piαfnpxq}α ă 8. Consequently, piαf » piαf1 ` piαf2 ` . . . and piαf is
inetgrable.
Question 1: If f : X Ñ E and piαf is Bochner inetgrable for every α P I, is f
integrable?
Theorem 7.3. Let f » f1 ` f2 ` . . . . Then, for every α P I, we have
(a) }f}α P L
1pX,µq,
(b)
ż
}f}α “ lim
nÑ8
ż
}f1 ` ¨ ¨ ¨ ` fn}α,
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(c)
››››
ż
f1 `
ż
f2 ` . . .
››››
α
ď
ż
}f}α.
Proof. Let f » f1 ` f2 ` . . . and α P I. Since }f}α “ }piαf}α, we obtain
}f}α P L
1pX,µq by Lemma 7.2. Moreover, since
piαf » piαf1 ` piαf2 ` . . . ,
we haveż
}f}α “
ż
}piαf}α “ lim
nÑ8
ż
}piαf1 ` ¨ ¨ ¨ ` piαfn}α “ lim
nÑ8
ż
}f1 ` ¨ ¨ ¨ ` fn}α.
Finally, since›››››
mÿ
n“1
ż
fn
›››››
α
“
›››››
ż mÿ
n“1
piαfn
›››››
α
ď
ż ›››››
mÿ
n“1
piαfn
›››››
α
“
ż ›››››
mÿ
n“1
fn
›››››
α
,
we have ››››
ż
f1 `
ż
f2 ` . . .
››››
α
ď lim
nÑ8
ż
}f1 ` ¨ ¨ ¨ ` fn}α “
ż
}f}α.
Corollary 7.4. If
f » f1 ` f2 ` . . . and f » g1 ` g2 ` . . . ,
then ż
f1 `
ż
f2 ` ¨ ¨ ¨ “
ż
g1 `
ż
g2 ` . . . .
Proof. If f » f1 ` f2 ` . . . and f » g1 ` g2 ` . . . , then
0 » f1 ´ g1 ` f2 ´ g2 ` . . .
and hence ››››
ż
f1 ´
ż
g1 `
ż
f2 ´
ż
g2 ` . . .
››››
α
ď 0
for every α P I.
Definition 7.5. By the integral of an integrable function
f » f1 ` f2 ` ¨ ¨ ¨
we mean the element of E defined byż
f “
ż
f1 `
ż
f2 ` ¨ ¨ ¨ .
14
For f P L1pX,µ,Eq and α P I we can define ~f~α “
ş
}f}α. These semi-
norms induce a locally convex topology on L1pX,µ,Eq.
Theorem 7.6. The integral is a linear operator from L1pX,µ,Eq to E. More-
over,
››ş f››
α
ď
ş
}f}α for all f P L
1pX,µ,Eq and α P I.
Proof. Linearity follows easily from the fact that, if f » f1 ` f2 ` ¨ ¨ ¨ , g »
g1 ` g2 ` ¨ ¨ ¨ , and λ P R, then
f ` g » f1 ` g1 ` f2 ` g2 ¨ ¨ ¨ and λf » λf1 ` λf2 ` ¨ ¨ ¨ .
The inequality follows from part (c) of Theorem 3.2.
Question 2: Is L1pX,µ,Eq complete?
Finally we show Gelfand-Pettis integrability ([4] and [9]) of elements of
L1pX,µ,Eq.
Theorem 7.7. Let Λ be a bounded linear functional on E. If f P L1pX,µ,Eq,
then Λf P L1pX,µ,Rq and
Λ
ż
f “
ż
Λf.
Proof. If Λ is a bounded linear functional on E, then
|Λv| ďMp}v}α1 ` ¨ ¨ ¨ ` }v}αkq
for some α1, . . . , αk P I and some constant M and all v P E. Let
ppvq “Mp}v}α1 ` ¨ ¨ ¨ ` }v}αkq.
If f “ v1A1`¨ ¨ ¨`vnAn for some v1, . . . , vn P E and disjoint A1, . . . , An P R,
then
Λ
ż
f “ Λ
ˆż
pv1A1 ` ¨ ¨ ¨ ` vnAnq
˙
“ Λ pv1µpA1q ` ¨ ¨ ¨ ` vnµpAnqq
“ Λv1µpA1q ` ¨ ¨ ¨ ` ΛvnµpAnq
“
ż
pΛv1A1 ` ¨ ¨ ¨ ` ΛvnAnq “
ż
Λf
and
}Λf}1 “
ż
|Λpv1A1 ` ¨ ¨ ¨ ` vnAnq|
“ |Λv1|µpA1q ` ¨ ¨ ¨ ` |Λvn|µpAnq
ď ppv1qµpA1q ` ¨ ¨ ¨ ` ppvnqµpAnq “
ż
pf,
where by pf we mean the composition of p and f .
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Now let
f » f1 ` f2 ` ¨ ¨ ¨ .
We will show that
Λf » Λf1 ` pf1 ´ pf1 ` Λf2 ` pf2 ´ pf2 ` ¨ ¨ ¨ . (7.1)
Indeed, we have
}Λf1}1 ` 2}pf1}1 ` }Λf2}1 ` 2}pf2}1 ` ¨ ¨ ¨
ď 3}pf1}1 ` 3}pf2}1 ` ¨ ¨ ¨
“M
˜
8ÿ
n“1
}fn}α1 ` ¨ ¨ ¨ `
8ÿ
n“1
}fn}αk
¸
ă 8
and, if
|Λf1pxq| ` 2|pf1pxq| ` |Λf2pxq| ` 2|pf2pxq| ` ¨ ¨ ¨ ă 8
for some x P X , then
8ÿ
n“1
}fnpxq}αj ă 8,
for j “ 1, . . . , k and thus
lim
mÑ8
›››››fpxq ´
mÿ
n“1
fnpxq
›››››
αj
“ 0
for j “ 1, . . . , k. Hence
lim
mÑ8
p
˜
fpxq ´
mÿ
n“1
fnpxq
¸
“ 0
and consequently
lim
mÑ8
˜
Λfpxq ´
mÿ
n“1
Λfnpxq
¸
“ 0
or
Λfpxq “
8ÿ
n“1
Λfnpxq
for that x P X .
From (7.1) we get both Λf P L1pX,µ,Rq and Λ
ş
f “
ş
Λf .
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